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We calculate vibrational spectra of ultralong-range Cs(32p) Rydberg molecules which form in an
ultracold gas of Cs atoms. We account for the partial-wave scattering of the Rydberg electrons from
the ground Cs perturber atoms by including the full set of spin-resolved 1,3SJ and 1,3PJ scattering
phase shifts, and allow for the mixing of singlet (S = 0) and triplet (S = 1) spin states through
Rydberg electron spin-orbit and ground electron hyperfine interactions. Excellent agreement with
observed data in Saßmannshausen et al. [Phys. Rev. Lett. 113, 133201(2015)] in line positions and
profiles is obtained. We also determine the spin-dependent permanent electric dipole moments for
these molecules. This is the first such calculation of ultralong-range Rydberg molecules in which all
of the relativistic contributions are accounted for.
I. INTRODUCTION
Rydberg atoms are weakly bound systems which can
simultaneously exhibit quantum and classical behavior
[1, 2]. This quantum to classical evolution is at the heart
of the Bohr-Sommerfeld quantization. Rydberg spec-
troscopy is a useful technique for probing many of the
subtle properties of an atomic or molecular core, for mea-
suring the Rydberg constant, and probing interactions in
the surrounding gas or plasma. The interaction and colli-
sion of a Rydberg atom with the neutral and ionic species
in the gas broadens and shifts the atomic lines, through
which much can be learned about the scattering prop-
erties of the gas. The seminal measurements of Amaldi
and Segrè [3] confirmed that the classical macroscopic
polarization of the dielectric medium was insufficient to
describe the Rydberg line shifts and that the scattering of
Rydberg electrons from the perturber gas atoms would
have to be accounted for. This led Fermi to develop a
zero-range scattering theory, now called the Fermi pseu-
dopotential (or contact potential) method [4].
Fermi realized that the low-energy scattering of a Ryd-
berg electron from a perturber gas atom can be effectively
described by a short-range elastic scattering interaction;
this model has had much subsequent success in determin-
ing low-energy electron-atom scattering lengths of many
other species [5]. The form of zero-energy scattering of
an s-wave electron from a perturber is then,
Hs(~r, ~R) = 2pias(0)δ
(3)(~r − ~R) (1)
where ~r is the electronic coordinate, measured from the
Rydberg core, ~R is the vector connecting the Rydberg
nucleus to the perturber atom nucleus, and as(0) is the
zero-energy s-wave scattering length.
∗ smarkson@cfa.harvard.edu
The delta-function contact interaction formalism can
be extended to higher scattering angular momenta; an
analytical form for p-wave scattering was derived by
Omont [6], as
Hp(~r, ~R) = 6pia
3
p(k)δ
(3)(~r − ~R)←−∇ · −→∇ (2)
where ap(k) is the k-dependent p-wave scattering length
a2`sc+1`sc (k) = −
tan δ`sc(k)
k2`sc+1
. (3)
Here `sc is the orbital angular momentum about the per-
turber atom and `sc = 0, 1 denote s- and p-wave scatter-
ing of the electron from the perturber atom, respectively.
The Born-Oppenheimer (BO) potential curves, as
eigenstates of the Hamiltonian with Hs and Hp contri-
butions, are highly oscillatory in internuclear distance R
due to the admixture of Rydberg electron wave functions
with high principal quantum numbers n. It was realized
in [7, 8] that those multi-well BO potentials can support
bound vibrational levels when as(0) < 0 as is the case for
all alkali-metal atoms.
Such exotic molecular Rydberg states were realized
in magnetic and dipole traps, first in an ultracold gas
of Rb atoms [9], where such Rydberg molecules have
3ΣRb2(ns) spherical symmetry. It was confirmed that,
even though such molecules were homonuclear, the mix-
ing of Rb(ns) levels with Rb(n − 3, l > 2) hydro-
genic manifolds, produces appreciable permanent electric
dipole moments in these molecular species [10]. The pre-
diction for Rydberg molecules with kilo-Debye dipole mo-
ments (trilobite molecules) were realized with ultracold
Cs atoms [11, 12] in which the Cs(n − 4, l > 2) degen-
erate manifolds are energetically much closer to Cs(ns)
levels, hence providing for much stronger mixing of op-
posite parity electronic states. More recently, butterfly
molecules (Rydberg molecules stemming from the pres-
ence of p-wave resonances) were predicted [8, 13, 14] and
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FIG. 1. The spectral line profiles are calculated (solid lines)
and compared with observed spectral line features (dashed
lines) in the F=4 (a) and F=3 (b) manifolds. See text for a
description of the calculated line profiles. The threshold zero
energy is the atomic Rydberg level Cs(32p3/2). The experi-
mental data are from Ref. [19].
confirmed [15]. In increasingly dense gases, additional
molecular lines stemming from the formation of trimers,
tetramers, pentamers, etc. have been observed [16–18].
The above scattering formalism is spin-independent,
i.e. while the scattering phase shifts depend separately on
the total spin of electrons, the scattering amplitudes add
up incoherently. For Rydberg excitation in a gas of alkali-
metal atoms, the total spin channels are S = |sr + sg| =
0, 1 for singlet and triplet scattering, respectively, with sr
and sg the Rydberg electron and the perturber ground
electron spins.
In this work we will account for all of the relevant and
relativistic effects in Rydberg perturber atom scattering.
We include all of the fine structure resolved s- and p-wave
scattering Hamiltonians, the Rydberg electron spin-orbit,
and the ground electron hyperfine interactions. From the
resulting BO potentials we not only predict the spatial
structure and energies of the Rydberg molecules but can
also reproduce the spectral line profiles in the recent ex-
periment [19] as shown in Fig. 1.
II. HAMILTONIAN
The total Hamiltonian with all spin degrees of freedom
included is,
H = H0 +Hp,T · PT +Hp,S · PS+
Hp,T · PT +Hp,S · PS +Hso +Hhf (4)
where H0 is the Hamiltonian for the unperturbed Ry-
dberg atom, and H(s,p),T and H(s,p),S are the (s-wave,
p-wave) scattering Hamiltonians for triplet and singlet
spin configurations, respectively. The operators PT =
sr · sg + 3/4 and PS = 1− PT are the triplet and singlet
projection operators for the total electronic spin.
It was first pointed out by Anderson et al. [20] that
the ground state hyperfine interaction can mix singlet
and triplet spin configurations. The hyperfine Hamilto-
nian is Hhf = Ahfsg · ig, where ig is the nuclear spin
and Ahf is the hyperfine interaction; in Cs, the focus
of this work, Ahf = 2298.1579425 MHz, and ig = 7/2.
Anderson et al. demonstrated this in Rb, where they
observed bound vibrational levels due to mixing of sin-
glet and triplet spins, even though the singlet zero en-
ergy scattering length for Rb is known to be small and
positive. This is particularly important as, in magneto-
optical and magnetic traps, spin alignment dictates that
the interactions occur via the triplet scattering channel.
The spin-orbit interaction for the Rydberg electron,
Hso = Asolr · sr, where lr is the orbital momentum and
Aso is the spin-orbit strength for lr 6= 0 levels. Anderson
et al. neglected this term, because it scales as n−3. For
intermediate n, however, the spin-orbit splitting will be
comparable to the hyperfine splitting. The details of the
matrix elements of Hso and the terms for Cs(np) states
will follow below.
Recent studies have explored the extent to which spin
effects are necessary to properly predict, ab initio, the vi-
brational spectra of these molecules, largely concluding
that fine, hyperfine, and p-wave effects can have signifi-
cant effects on these spectra [19, 20]. To date, no study
has incorporated all of the interaction terms (s-wave, p-
wave, spin-orbit, and hyperfine) on the vibrational spec-
tra of Cs Rydberg molecules. Due to the large hyperfine
shift in 133Cs, and the existence of several p-wave reso-
nances at intermediate energies, these contributions can
be significant in Cs. The current results are employed
here to interpret the observations by Saßmannshausen et
al. [19].
III. HAMILTONIAN MATRIX ELEMENTS
The matrix elements of the unperturbed Ryd-
berg Hamiltonian (H0) are calculated from the so-
lutions φnlrmr (~r) to the equation H0φnlrmr (~r) =
32
FIG. 1. The coordinate system used throughout the text.
Boxes show the six numbers defining a given basis function.
Total electron spin sr, sg are 12 , while total nuclear spin ig is
7
2
for 133Cs.
FIG. 2. Cs Phase Shifts
of the Rydberg electron), as portrayed in Fig. 1. The
full Hamiltonian now reads:
Hˆ = Hˆ0 + HˆSO + HˆHF + HˆS+P (5)
Hamiltonian matrix elements describing S-wave scatter-
ing between basis elements | ii and h j | take the form:
HˆS = 2⇡
X
S=0,1
A`sc=0S (k) 
⇤
i (R) j(R)
· hsri ,msri , sgi ,msgi |S, (msri +msgi )i
· hsrj ,msrj , sgj ,msgj |S, (msrj +msgj )i (6)
A`sc=0S=0,1 (S = 0, 1 denoting the singlet and triplet con-
figurations, respectively) are given by   tan  
`sc=0
S=0,1(k)
k for
energy-dependent phase shifts shown in Fig 2.
Generalizing the operator from eq. 2, the matrix el-
ements associated with the P-wave interaction take the
form
FIG. 2. The coordinate system used throughout the text.
Boxes show the six quantum numbers describing the basis
set. The electron spins for the Rydberg and ground state
atoms are: sr, sg, while the ground state atom nuclear spin
ig. Only the magnitude of the total angular momentum K =
lr + sr + sg + ir and its projections are in general a good
quantum numbers.
− 12(n−µlr )2φnlrmr (~r), where the quantum defects µlr for
Cs atom levels are used as follows:
lr µlr
0 4.05739
1 3.57564
2 2.471396
3 0.0334998
4 0.00705658
≥ 5 0
We use the spherical coordinate system centered at
the Rydberg core, as portrayed in Fig. 2. The Rydberg
orbitals forming our truncated basis set are comprised of
{ns, (n + 1)s, np, (n − 1)d, (n − 3)lr ≥ 3, (n − 4)lr ≥ 3}
Rydberg wave functions.
The asymptotic form for the radial wave function is
given by
Fnlr (r) ∝ rlre
− rn−µlr 1F1
(
lr − n+ 1 + µlr , 2 + 2lr,
2r
n− µlr
)
(5)
where 1F1 is the confluent hypergeometric function. For
µl = 0, this reduces to the usual hydrogenic solution:
Fnlr (r) =
√(
2
n
)3
(n− lr − 1)!
2n(n+ lr)!
e−
r
n
(
2r
n
)lr
L
(2lr+1)
n−lr−1
(
2r
n
)
(6)
where L(α)n is the generalized Laguerre polynomial. For
non-integer quantum defects, the wave functions Fnlr=1,2
diverge at origin. To remedy this problem, they are
matched to numerically calculated wave functions at
small-r [21].
Spin-dependent s-wave interaction.— The
Hamiltonian matrix elements describing s-wave scatter-
ing between basis functions |φi〉 and 〈φj | are,
〈φi|Hs|φj〉 = 2pi
∑
S
aSs (k) 〈φi| δ(3)(~R− ~r) |φj〉
〈sri ,msri , sgi ,msgi |S,mSi〉×
〈S,mSj |srj ,msrj , sgj ,msgj 〉 (7)
where |φi〉 is shorthand for the basis element
|nilrimlrimsrimsgi isgi 〉, and mSi = msri + msgi is the
total spin projection along the internuclear axis. The
s-wave scattering length aSs (k) has been generalized to
accommodate the (S = 0, 1) singlet and triplet scatter-
ing lengths.
Spin-dependent p-wave interaction.— Addi-
tional caution is necessary when dealing with the p-
wave electron-atom scattering, which depends on the to-
tal electronic spin S = sr + sg and angular momentum
J = `sc + S centered on the perturber atom. The triplet
(S = 1) p-wave scattering phase shift in Cs exhibits a rel-
atively large splitting for J =0,1,2. This is in contrast to
previous studies in Rb where the triplet p-wave scatter-
ing length is treated as a single re onance. The resulting
Cs p-wave scattering interaction operator thus takes the
form
Hˆp = 6pi
∑
J,mJ ;S,mS
(aJ,Sp (k))
3δ(3)(~R− ~r)←−∇ · −→∇
|JmJ ;SmS〉 〈JmJ ;mS | (8)
where S = 0, 1 and mJ is the projection of J along the
internuclear axis. In the uncoupled basis |nlrmlr ;SmS〉,
where |nlrmr〉 is a Rydberg orbital and |SmS〉 is the total
spin state of the two electrons, matrix elements of this
interaction take on the form
〈φi| Hˆp |φj〉 = (a¯m`scmSp )3(k)δmlrimlrj δmSimSj
· 〈ψi| δ(3)(~R− ~r)←−∇ · −→∇ |ψj〉 (9)
with the effective scattering volume as
(a¯
m`scmS
p )
3(k) =∑
J=0,1,2
(
〈(`sc = 1)m`sc , (S = 1)mS |JmJ〉2 (aJ,S=1p )3(k)
)
·PT+(
〈(`sc = 1)m`sc , (S = 0)mS |(J = 1)mJ〉2 (aJ=1,S=0p )3(k)
)
·PS
(10)
where 〈Lm`sc , SmS |JmJ〉 is a Clebsch-Gordan coefficient
coupling the orbital angular momentum of the Rydberg
electron to the combined total spin of the ground state
atom and Rydberg electron. Note that m`sc = mlr ,
since angular momentum projections are invariant under
translationalong the axis of projection. Because of the
projection onto the p-wave relative angular momentum
states, only Rydberg states with spatial angular momen-
tum projection ml = 0 or ±1 contribute to the interac-
tion.
The spatial integral in Eq. 9 can be evaluated as
4〈φi| δ(3)(~R− ~r)←−∇ · −→∇ |φj〉 = lim
~r→Rzˆ
{
2li + 1
4pi
δmli0
∂F ∗nili(r = R)
∂r
∂Fnj lj (r = R)
∂r
+ δ|mli |1F
∗
nili(r = R)Fnj lj (r = R)
∫
d(cos θ)dφ∇Y ∗limli (θ, φ) · ∇Yljmlj (θ, φ)
}
δmlimlj , (11)
where Ylm(θ, φ) is a spherical harmonic, Fnl(r) is the ra-
dial part of the Rydberg wave function, and we suppress
the subindex r on (l,m) for notational convenience. It
should be noted that the radial derivatives only act on
wave functions with ml = 0 while the angular derivatives
∇Yljmlj are only non-zero for states with ml = ±1.
S- and P-wave scattering phase shifts.— In
order to fully characterize the electron-perturber interac-
tion, the s- and p-wave scattering lengths must be deter-
mined. In the case of aJ=0,1,2,S=1p and aS=1,0s , these are
derived by solving the scattering equation including the
polarization potential Ve−-Cs = −α/2r4 where α = 402.2
a30 is the polarizability of the ground state Cs atom. We
extract the phase shift by enforcing a hard wall boundary
condition at short range (r0 . 3 a.u.) on the polarization
potential.
For aS=1,0)s , we adjust the hard wall to reproduce ex-
perimentally known zero-energy scattering lengths. For
aJ=0,1,2,S=1p , the position of the hard wall by is chosen
so as to enforce a resonance in the scattering phase shift,
i.e. δE = pi/2, at a resonant energy E consistent with
experimental measurements. While it is unlikely that
this simple procedure captures all of the details of the p-
wave electron-atom scattering process, the effects of the
p-wave interaction on the molecular potentials are largely
captured by the position and width of the 3PJ scattering
resonances. Specifically, we set the position of the 3P1
to 8 meV, as observed [22]. The 3P0 and 3P2 resonance
positions are set to respectively be 3.8 meV below and
7.2 meV above the 3P1 resonance position in accordance
with [23]. The energy-dependent phase shifts for S=0,
and 1 spin scattering in s-wave and p-wave are shown in
Fig 3.
Rydberg spin-orbit matrix elements.— The Ry-
dberg electron spin-orbit Hamiltonian has the form
Hso = Aso(n, lr)lr ·sr, whose coefficients for Cs(np) states
have been measured in [25]. The matrix elements are
〈φi|Hso|φj〉 = Aso(n, lr)lr · sr (12)
where, for lr = 1, 2, 3 [25]
Aso(n, lr) =(
lr +
1
2
)−1 [
A(lr)(n− (n, lr))−3
+B(lr)(n− (n, lr))−5
+ C(lr)B(lr)(n− (n, lr))−7
]
(13)
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FIG. 3. The 1,3SJ , 1,3PJ electron- Cs(6s) phase shifts as a
function of the electron scattering momentum are reproduced
here. The 1P1 phase shift was obtained from a calculation by
U. Thumm [24]. The 1,3S0 and 3PJ=0,1,2 resonant phase shifts
are obtained by matching a short distance oundary condition
to experimental measurements of scattering resonances [21,
22].
where (n, lr) = ∗(lr) + a(lr)(n− )−2
The lr-dependent parameters A,B,C, , a are
lr = 1 lr = 2 lr = 3
A(lr) (MHz) 2.13925e8 6.02183e7 -9.796e5
B(lr) (MHz) -5.6e7 -5.8e7 1.222e7
C(lr) (MHz) 3.9e8 0.0 -3.376e7
∗ 3.57531 2.47079 0.03346
a 0.3727 0.0612 -0.191
while for lr ≥ 4, Aso(n, lr) takes on its hydrogenic values:
Aso(n, lr) =
µ0
4pi
glµ
2
B
1
n3lr(lr +
1
2 )(lr + 1)
(14)
where gl is the Landé g-factor, µ0 is the vacuum perme-
ability, and µB is the Bohr magneton.
In the uncoupled angular momentum basis, the oper-
ator lr · sr has the representation [26]
lr · sr = lzrszr +
1
2
l+rs−r +
1
2
l−rs+r (15)
5where (l, s)r,± are the ladder operators for the Rydberg
electron orbital angular momentum and spin. This rep-
resentation allows to determine the matrix elements be-
tween different combinations of angular harmonic Yli,mli
and spinors χsi,msi
〈Yli,mliχsi,msi | lr · sr |Ylj ,mljχsj ,msj 〉 . (16)
They are
〈lr · sr〉 =
mlimsi if li = lj , si = sj ,
mli = mlj ,msi = msj
1
2
√
li(li + 1)− lz,i(lz,i ± 1)
·√si(si + 1)− sz,i(sz,i ∓ 1) if li = lj , si = sj ,
mli = mlj − 1,
msi = msj + 1
1
2
√
li(li + 1)− lz,i(lz,i ∓ 1)
·√si(si + 1)− sz,i(sz,i ± 1) if li = lj , si = sj ,
mli = mlj + 1,
msi = msj − 1
(17)
Through the ladder terms, the spin-orbit coupling will
therefore couple Σ and Π- states, as well as singlet (S=0)
and triplet (S=1) states.
Ground hyperfine matrix elements.— The
ground electron hyperfine interaction Hamiltonian ma-
trix elements are calculated as
sg · ig = szg izg +
1
2
s+g i−g +
1
2
s−g i+g (18)
where (s, i)±,g are the ladder operators for the perturber
valence electronic and nuclear spins.
We chose to demonstrate the utility of our method
toward calculation of the vibrational spectrum of
Cs(6s1/2)-Cs(32p3/2) Rydberg molecules [19]. For this
particular Rydberg excitation, the fine-structure split-
ting ∆E32p1/2−32p3/2 is nearly degenerate with the ground
state hyperfine splitting, ∆Ehf ≈ 9.2 GHz.
For 133Cs with ig = 7/2, therefore, our full basis, in-
cluding angular momentum degrees of freedom, is
{32s, 33s, 32p, 31d,n = 29, 3 ≤ lr ≤ 28,
n = 28, 3 ≤ lr ≤ 27}
× {−lr ≤ mlr ≤ lr}
×
{
msr = ±
1
2
}
×
{
msg = ±
1
2
}
×
{
mig = ±
1
2
,±3
2
,±5
2
,±7
2
}
. (19)
We truncate this basis such that no basis element has
|mlr | > 2 The total number of basis states included in
our calculation is 8480.
FIG. 4. Born-Oppenheimer potential energy curves. The
atomic Rydberg dissociation levels are indicated on the right
side of the graph; two sets of degenerate hydrogenic manifolds
are employed. Each Rydberg level is split due to SO and HF
interactions in the Rydberg and ground states. On the scale
shown, the Rydberg molecule energy landscape also highlights
the dramatic influence of the 3PJ resonances (labelled in the
figure) which manifest themselves in the complicated set of
avoided crossings.
The projection of the total angular momentum,K onto
R, mK = mlr + msr + msg + mig is a good quantum
number, so that the basis set diagonalization need only be
performed in blocks of 1060, 1008, 851, 638, 422, 209, and
52 elements, for |mK | = 12 , 32 , 52 , 72 , 92 , 112 , 132 , respectively.
IV. RESULTS AND DISCUSSIONS
In Fig. 4, we show the full set of BO potential energy
curves which result from the diagonalization of Eq. 4 with
the basis functions defined in Sec. III. This landscape of
Rydberg potential energies reveals the influence of the
three 3PJ resonances. Due to the different widths of J-
resonances, see Fig. 3, the avoided crossings of molecular
potentials in R occur at different locations with the var-
ious unperturbed Rydberg manifolds. For example, near
the 31d Rydberg level, the 3P1 resonance crosses before
the narrower 3P0 resonance.
While in Fig. 4 the potential energy curves are shown
for all possible projections mK , in Fig. 5 we show in
detail the BO potentials for mK = 1/2. In the outer
region, there are two distinct sets of curves; the lower
set corresponds to the potential curves dissociating to
the Cs(6s1/2) - Cs(32p1/2) F = 4 threshold, and the up-
per set of curves dissociate to the Cs(6s1/2) - Cs(32p3/2)
F = 3 threshold. The F = 3 and F = 4 thresholds
are within ∼ 100 MHz of each other because in exci-
tation of Cs(32p), the Rydberg SO and the ground HF
splittings are nearly degenerate. Within each set, the
lowest curve refers to a predominantly triplet potential
energy curve and the upper curve refers to the more
mixed singlet/triplet potential. Generally, in the outer
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FIG. 5. (a) The BO potential energy curves correlating to
the Cs(6s) - Cs(32p3/2) F=3 asymptote, for the total pro-
jection quantum number mK = 12 . There are two sets of
potential curves (solid black): the lower two curves correlate
to the Cs(32p1/2) F=4 atomic threshold and are within ∼ 100
MHz of the F=3 threshold because in Cs(32p) excitation, the
Rydberg spin-orbit and the ground hyperfine splittings are
nearly degenerate. The lowest curve in each set corresponds
to the predominantly triplet symmetry and the upper curve
in each set becomes sufficiently attractive to support vibra-
tional levels (dashed lines) due to the mixing of triplet and
singlet channels. The vertical lines are due to the presence
of a narrow 3P0 scattering resonance which crosses several
atomic Rydberg levels; another crossing due to the 3P1 scat-
tering resonance is near R ∼ 1100 a0. In the F=3, mK = 12
manifold of states, the ν = 0 vibrational states in the pre-
dominantly triplet and mixed electronic potentials have, re-
spectively, permanent electric dipole moments of 9.8 and 3.7
D; (b) the potential energy curves correlating to the Cs(6s)
- Cs(32p3/2) F=4 asymptote and the associated vibrational
levels. The calculated vibrational energies are shown as blue
sticks on the right side panes, which illustrate the experimen-
tal absorption sprectra.
region, defined by internuclear distances R greater than
all the p-wave resonance crossings, the predominantly
triplet curve will have greater than 90% triplet charac-
ter — the singlet mixing enters mainly through the 1Π
molecular symmetry — while the mixed curve will have
between 60% and 70% triplet character. There will also
be other non-binding potential energy curves (up to two
more in a given mK block) which largely have Π char-
acter. We stress that all of these molecular potentials
are admixtures of Σ and Π symmetry states; ∆ contribu-
tions are in principle also present, but not of significance
here. On the scale of Fig. 5 the relativistic 3PJ scattering
resonances manifest themselves as sharp vertical lines.
We calculate the bound vibrational wave functions in
the Born-Oppenheimer approximation using the previ-
ously calculated potential energy curves. The resulting
Rydberg molecular binding energies are indicated by the
thin blue lines in the rightmost pane of each figure, to-
gether with the absorption spectra measured in [19]. It
is evident from the comparison that many of the spec-
tral features in the experiment are reproduced in Fig. 5,
which demonstrates that the experiment resolves differ-
ent mK vibrational lines.
The BO potential energy curves correlating to the
Cs(6s) - Cs(32p3/2) F=3 and 4 asymptotes for mK = 32 ,
mK =
5
2 , mK =
7
2 , and mK =
9
2 , are shown in Fig. 6.
The corresponding molecular bound states lead to addi-
tional spectral features that can be identified by com-
paring the vibrational energies to the observed spectral
features. For mK = 92 , the F = 4 potential energy curves
are not binding, and for the F = 3 potential energy
curves, there is no contribution from the 3P0 scattering
resonance, and hence the absence of any sharp avoided
crossings.
Spin weighting.— To accurately calculate the
transition rates in photoassociation of trapped gas
atoms into Rydberg molecules, we must take into
account the electronic transition dipoles, as well as
both the nuclear Franck-Condon and spin-overlap in-
tegrals. We assume that the atom pairs, which will
bind into a Rydberg molecule, are initially in states
|6s(Fr0 = F¯ ), 6s(Fg0 = F¯ )〉, i.e. the ground state atoms
are in the same hyperfine state F¯ when optically pumped
[19], and Fr0(Fg0) refers to the hyperfine state of the
ground state atom which will be Rydberg excited (will
remain in the ground state). This initial state will be
mixed uniformly and incoherently about mFr ,mFg ∈
{−F¯ , · · · , F¯}. For a given initial mFr ,mFg , the oscilla-
tor strength between two electronic states at internuclear
distance R is proportional to
〈6s(Fr0 ,mFr0 ), 6s(Fg0 ,mFg0 )| dˆ |ψ〉 (20)
where |ψ〉 = ∑i ai |φi〉 are the calculated electronic eigen-
states, and dˆ is the electric dipole operator.
The overlap integral in Eq. 20 then becomes
O(R;mFr0 ,mFg0 ) =
〈6s · · ·| dˆ |ψ(R)〉 〈Fr0mFr0 |ψ(R)〉 〈Fg0mFg0 |ψ(R)〉 . (21)
We neglect in 〈6s · · ·| dˆ |ψ〉 the contributions to |ψ〉 other
than the 32p state.
For experimentally realized temperatures, the wave
function of the ground state atom pair is constant on the
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FIG. 6. The BO potential energy curves correlating to the Cs(6s) - Cs(32p3/2) F=3 (right) and F=4 (left and bottom)
asymptotes, for mK = 32 , mK =
5
2
, mK = 72 , mK =
9
2
(top to bottom). For mK = 92 , the F=3 potential energy curves are not
binding, being primarily of Π molecular symmetry.
8scale of the Rydberg molecule wave function. Therefore
the vibrational Franck-Condon factors take the form,
FCν(mFr0 ,mFg0 ) ∝
∫
dRR2ψν(R)O(R;mFr0 ,mFg0 )
(22)
for a given vibrational state ψν(R).
The overall Rydberg molecule formation rate is an in-
coherent sum over these Franck-Condon factors
Γν ∼
∑
mFr0
∑
mFg0
|FCν(mFr0 ,mFg0 )|2GL, (23)
where GL accounts for the laser profile. The calculated
absorption line profiles are compared with the observed
spectra in Fig. 1, where a Gaussian laser line profile GL
of width 5 MHz was used [19]. The agreement with the
measured spectra (dashed lines) is excellent. In this com-
parison the zero-energy triplet s-wave scattering length
was adjusted by 5%, i.e. aTs (0) = −20.71 a0.
Electric dipole moments.— Our approach also
allows for the prediction of electric dipole moments of
Rydberg molecules. For the electronic wave functions the
transition and permanent electric dipole moments are
〈ψ| dˆ |ψ〉 =
∑
i
∑
j
〈φi| dˆ |φj〉 aiaj . (24)
Because of the mixing of the opposite parity (n−1)d and
(n − 3)lr ≥ 3 states with np states in Cs, the Rydberg
molecule obtains a permanent electric dipole moment
(PEDM) [10, 12]. We note however that the dominant
electronic transition is between the 32p and 31d atomic
states whose dipole moment is 〈32p| dˆ |31d〉 = 1583 D;
we neglect therefore all other contributions to the dipole
moments. Thus, the spin-dependent dipole moments are
dS(R) =
∑
i
∑
j
〈φi| dˆ |φj〉 δmsri ,msrj δmsgi ,msgj δmigi ,migj
(25)
and the vibrationally averaged PEDM are
dSν =
∫
dRψ∗ν(R)ψν(R)d
S(R). (26)
The PEDMs are calculated for the predominantly triplet
(dTν ) and mixed (dS+Tν ) ν = 0 vibrational levels for each
mK value. For the mK = 12 potential dissociating to the
J=3/2, F=3(F=4) threshold the dipole moments are dT0
= 9.8(8.5) D and dS+T0 = 3.7(3.7) D. For mK =
3
2 , d
T
0=
9.1(8.6) D and dS+T0 = 1.7(3.2) D, while for mK =
5
2 , d
T
0
= 7.8(8.2) D and dS+T0 = 2.3(3.6) D, respectively.
V. OUTLOOK
The level of spectroscopic precision of current experi-
ments on Rydberg molecules combined with spin resolu-
tion allow for the deterministic evaluation of such funda-
mental properties as the scattering length and energies of
scattering resonances of electron-neutral atom collisions.
The spin-dependence of the Rydberg molecular poten-
tials opens the possibility to control the spin state of the
molecules and to realize paradigm spin models in an en-
tirely new regime. Our method can be readily extended
to study such phenomena as spin and angular momentum
alignment in high angular momentum Rydberg molecules
such as Cs(nd).
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